Abstract. Let R be a prime ring with center Z and group of units U. The main theorem shows that any solvable normal subgroups of U must he in Z, provided that R is not a domain, Z is large enough, and that the Z-subalgebra generated by U contains a nonzero ideal of R. One consequence is the determination of the structure of R when R has an involution and the subgroup of U generated by the symmetric units is solvable.
by our first theorem. We shall use the notation [x, y] = xy -yx, and the identity [xy, w] = x[y, w] + [x, w]y, freely, without further reference. Theorem 1. Let Z ¥= GF(2) and let U contain a nonzero ideal of R. If W is a commutative subring of R which is invariant, then either W c Z or R is a domain.
Proof. Assume that B is not a domain. Since B is a prime ring, T = [x G R\x2 = 0} ¥= {0}, and because ZW is invariant and commutative, there is no loss of generality in assuming that W is a Z-module. If x G T, then 1 + x E U, so (1 + x)w(l -x) E W for each w G W. Thus, xw -wx -xwx E W, and also, z(xw -wx) -z2xwx E W for any z G Z since x may be replaced by zx. Appropriate Z-linear combinations of these two elements yield (z2 -z)[x, w] E W and (z2 -z)xwx E W. Commute the second of these with w and multiply the resulting equation on the right by x to obtain (z2 -z)xwxwx = 0. Now Z ¥= GF(2), so a suitable choice of z G Z and the primeness of B force xwxwx = 0. But xrx E T for any r G R. It follows that (rxwx)4 = 0 and Rxwx is a nil left ideal of B of index four. By use of Levitzki's Theorem [1, Lemma 1.1, p. 1], we may conclude that xwx = 0.
Let r E R, and x, w, y E W n T. The computation above shows that (z2 -z)[xrx, w] E W, and this element commutes with y. The resulting equation, multiplied on the right by wy, gives (z2 -z)wyxrxwy = 0. As above, we may assume that wyxrwyx = 0. The fact that B is a prime ring enables us to conclude that wyx = 0. Now clearly, W n T is an invariant set, and wy(W n T) = 0.
Hence, the lemma forces either W n T = 0, or wy = 0, and another application of the lemma in the case W n T ¥= 0 would give a contradiction. Therefore, W contains no nonzero nilpotent element. Since (z2 -z)[x, w] E W n T (xwx = 0) for x E T and w G H7, we must have [x, w] = 0.
Next we show that the nonzero elements of W are regular in B. To see this, let w E W -(0) with wc = 0 for some c E R. Then crw E T for each r E R, and it follows that crw2 = wcrw = 0. Using the primeness of B again, and that W n T = 0, we may conclude that c = 0. Therefore, we must have [ g, w] = 0, from which it follows that W centralizes U. In a prime ring, the centralizer of any nonzero ideal must be central, so W c Z, completing the proof of the theorem. Although Theorem 1 is quite special, it can be used to show that suitably restricted invariant subrings are central. We state some corollaries of the theorem, the first of which is an immediate consequence of the observation that the center of an invariant subring is itself invariant. For each corollary we assume that Z ¥= GF(2), and that U contains a nonzero ideal of B. Proof. Since W is an Artinian ring, its radical J is nilpotent, and clearly invariant, so the lemma gives J = 0. Assume that B is not a domain. The Wedderburn-Artin structure theory and Corollary 1 show that W must be a simple Artinian ring with 1 G W. But now Corollary 2 forces W c Z, unless W contains nilpotent elements. If x E W -{0} with x2 = 0, then ((1 + zx)w(l -zx) -w)x E W, for any nonzero z E Z. Thus, zxwx E W, and since W is a simple ring, xwx ¥= 0 for some w E W. But now z = z ■ 1 E zW = zWxwxW = W(zxwx) W = W, which shows that Z = Z(W) is a field. Next observe that the existence of nonzero nilpotent elements in W implies that W, and so R, contains noncentral idempotents. If E is the additive subgroup generated by all idempotents in B, it is easy to check that E is a Lie ideal of B, and that L = [E, R] is a noncommutative Lie ideal of B contained in the additive subgroup of B generated by T = {x G R\x2 = 0} We return now to our goal of proving that solvable normal subgroups of B must be central. . Since T is an invariant subset of B, the lemma shows that N is abelian, completing the proof of the theorem.
In [5] it was shown that with our usual hypotheses, if B is a ring with involution, *, then H = {« G U\u* = u) cannot be abelian unless B is a domain or an order in M2(F), for F a field. The question of whether the subgroup generated by H could be solvable remained open. This question can now be answered using Theorem 2 and a remark of Herstein [2, Lemma, p. 268] that the subgroup generated by H is normal in U (for A G H and g G U, ghg~x = ghg*((g~x)*g~x)). Theorem 3. Let R have an involution, Z have at least five elements, and U contain a nonzero ideal of R. If the subgroup N generated by the symmetric units in R is solvable, then either R is a domain or an order in M2(F).
Proof. As mentioned above, N <\ U [2], so the solvability of N forces either N c Z or B to be a domain, by Theorem 2. In the case N c Z, B is either an order in M2(F), or a domain, using [5, Corollary 1, p. 918].
As a final remark, we record the following theorem on invariant subrings which is in the spirit of the main result of [2]. 
